
Theory of Electrophoretic Separations 

Part II: Construction of a Numerical Simulation Scheme and Its 
Applications 

The mathematical model outlined in Part I is recast in a form suitable for 
numerical computation. The spatial derivatives are replaced by finite-difference 
expressions, which leads to a set of ordinary differential equations coupled to a set 
of nonlinear algebraic relations. This system is solved using existing integration 
techniques. The resulting algorithm simulates the characteristic behavior of the 
classical modes of electrophoresis, which is shown by examples involving moving 
boundary electrophoresis and isoelectric focusing. In the first example two differ- 
ent integration schemes are used and their accuracy and stability investigated. 
The second example illustrates the versatility of the methodology. 
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SCOPE 

In the model presented in Part I (Saville and Palusinski), the 
electrophoresis of amphoteric compounds is described by a 
set of partial differential equations coupled to a system of alge- 
braic equations. Separation of sample components arises from 
interactions between the chemical equilibria and the transport 
processes. These interactions alter the effective mobilities of 
the various species and induce them to separate under the 
action of the electric field in nonequilibrium processes such as 
isotachophoresis. In equilibrium processes such as isoelectric 
focusing, the action of the field produces a pH gradient and the 
amphoteric constituents move to positions where they are iso- 
electric. In either case, the evolution of the process is best 
followed by numerical methods. 

The purpose of this paper is twofold: 
1. To show how the mathematical model derived in Part I 

can be expressed in a form suitable for numerical computation. 

2. To demonstrate the model depicts the detailed character- 
istics of electrophoretic processes. 

The numerical algorithm selected employs a five-point fi- 
nite-difference expression to approximate the spatial deriva- 
tives at a set of mesh points. This converts the set of partial 
differential equations into a set of ordinary differential equa- 
tions describing the temporal evolution of the concentration 
fields at each mesh point. These equations can be integrated 
using any one of a variety of schemes for solving sets of first- 
order ordinary differential equations. Boundary conditions at 
either end of a separation column are incorporated by adjust- 
ing the form of the finite-difference expressions at the bound- 
ary points. In a similar fashion, the algorithm can easily be 
adapted for simulation of novel separation methods such as the 
use of immobilized ampholytes, molecular sieving, or ion-se- 
lective membranes at the boundaries. 

CONCLUSIONS AND SIGNIFICANCE 

The implementation of the algorithm describing electropho- 
retic transport processes is illustrated by simulating moving 
boundary electrophoresis and isoelectric focusing with immo- 
bilized species. Both examples are intended to illustrate partic- 
ular electrophoretic processes using rather simple systems. At- 
tention concentrates on the essential characteristics of a 
particular mode, For the isoelectric focusing example, the cen- 
tral feature is the migration of the sample to its isoelectric 

point; for moving boundary electrophoresis, it is the 
Kohlrausch adjustment of the self-sharpening front. The 
model depicts these features correctly and in detail. 

We have demonstrated that the model derived in Part I, 
translated into a finite difference form suitable for implemen- 
tation on a digital computer, can be used to simulate certain 
electrophoretic separations. The resulting numerical scheme 
exhibits the features sought in complicated problems of this 
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sort, namely, a stable solution that evolves smoothly when suit- 
able small step sizes are used, and a loosely defined conver- 
gence as the step sizes are made smaller. The major computa- 
tional problem concerns the need to use small spatial step sizes 
at high current levels. 

The computational model has already proved useful in stud- 
ies of various electrophoretic separation processes; recent ex- 
perimental work has served to validate quantitative and quali- 

tative features of the model (Mosher et al., 1985). In that study, 
zone structure in isotachophoresis was monitored using a con- 
ductivity detector, and what were thought to be anomalous 
peaks were found. Numerical calculations using the model pre- 
sented here with buffer characteristics corresponding to the 
experiment showed that the peaks were, in fact, intrinsic fea- 
tures of the buffer system. 

INTRODUCTION THE CLASSICAL MODES OF 
ELECTROPHORESIS 

In Part I of this paper (Saville and Palusinski), a model of 
electrophoretic processes was presented. Such a model is suit- 
able for the description of analytical electrophoretic systems, 
which vary in terms of the initial distribution of solute compo- 
nents along the axis of a separation column and the boundary 
conditions (i.e., the permeability to individual constituents) at 
the ends of the column. There are myriads of combinations and 
permutations of these two factors, but certain idealized situa- 
tions have been singularly effective in practice. These are 
known as zone electrophoresis (ZE), moving boundary electro- 
phoresis (MBE), isotachophoresis (ITP), and isoelectric focus- 
ing (IEF). They can be considered collectively as the classical 
model of electrophoresis, being based on constraints first stud- 
ied by Hittorf (1853) and Kohlrausch (1897). 

Kohlrausch demonstrated that an electric current can give 
rise to changes in concentration within an electrolyte system 
only where the system is nonhomogeneous. Three distinct 
types of inhomogeneities were considered. At the unavoidable 
interface between an electrode and a solution, electrochemical 
reactions produce new species and induce concentration 
changes, as first studied by Hittorf. These changes are utilized 
in IEF, while they are suppressed in MBE, ZE, and ITP through 
the use of large electrode buffer volumes. The essential feature 
of IEF is that separations are carried out within pH gradients. 
These gradients start to form at the electrodes and propagate 
inward. Thus, only in IEF can one start with auniform distribu- 
tion of all components throughout the column. The end result 
will be a stationary steady state with all amphoteric constitu- 
ents arranged according to their isoelectric points. 

A second type of inhomogeneity results from a simple dilu- 
tion of the electrolytes. Such concentration profiles do not mi- 
grate electrophoretically but broaden due to diffusion. In prac- 
tice these are encountered as the stationary boundaries in MBE 
(Tiselius, 1937), or in ITP at the site of the so-called terminator 
concentration adjustments. 

The third type of inhomogeneity considered by Kohlrausch 
arises at a boundary across which one or more species disap- 
pear. These boundaries migrate in an electric field, but differ- 
ent patterns are encountered in ITP, ZE, and MBE. 

ITF' is typically carried out in discontinuous buffer systems 
where the sample is inserted at the interface between the lead- 
ing and terminating electrolytes. If the net mobilities of all 
sample constituents are bracketed by the net mobilities of lead- 
ing and terminating electrolytes, the application of an electric 
field will result in the establishment of a migrating steady state. 
All the sample constituents will sort themselves in contiguous 
zones in order of decreasing mobilities (Everaerts et al., 1976; 
Bier and Allgyer, 1979). The self-sharpening boundaries all 
migrate with the same velocity, and within each zone physical 
properties such as concentration, temperature, refractive 

index, electric field, and pH are uniform. It is of some signifi- 
cance that this migrating steady state of ITP, as well as the 
stationary steady state ofIEF, have no counterparts in any chro- 
matographic or field flow fractionation technique; they are 
unique to electrophoresis. 

In contrast, ZE and MBE are typically conducted in auniform 
background of buffer electrolyte throughout the column and 
electrode reservoirs. Sample constituents migrate at their own 
characteristic velocity. In MBE the sample zone is sufficiently 
long to permit separate observation of leading and trailing 
boundaries. Depending on the effective mobilities of sample 
and buffer constituent ions, one of the boundaries will be self- 
sharpening, as in ITP, while the other boundary will broaden 
due to the combined effect of diffusion and migration. The 
sample zone is much shorter in ZE, thus there is strong interac- 
tion between the advancing and trailing boundaries. Constant 
boundary shapes are impossible, and the constituent sample 
zones are asymmetric. Because of their broadening, the peak 
concentration within each zone continually decreases. 

These characteristics of the four modes have been repro- 
duced by the model (Bier et al., 1983), but in the modeling of 
other electrophoretic techniques, additional constraints not 
considered by Kohlrausch or Hittorf may be necessary. For 
instance, pore density gradient electrophoresis, widely used 
for molecular weight estimation, can be modeled by decreasing 
the mobility of constituents along the axis of the separation 
column. Co- or counterflow of buffer can also be incorporated 
in the model. The same holds true for the imposition of specific 
ion permeabilities at the column ends, irrespective ofhow such 
selective permeability is actually achieved, e.g., by selection of 
an appropriate membrane. Additionally, preparative electro- 
phoretic techniques may require some sort of forced conven- 
tion for the recovery of separated fractions, as in continuous 
flow electrophoresis (Saville, 1980) or recycling isoelectric fo- 
c u s i n g. 

Here we shall consider application of the model to describe 
analytical electrophoretic techniques where the experiments 
are carried out in systems that can be considered as one-dimen- 
sional, e.g., columns where flow is absent. The one-dimensional 
model has been implemented on a digital computer and will be 
described together with selected applications. 

REFORMULATION OF THE MATHEMATICAL MODEL 

As outlined in Part I, the mathematical model consists of a set 
of coupled equations, algebraic relations describing chemical 
equilibria involving water and other ionogenic species and par- 
tial differential equations arising from the appropriate balance 
laws. For simplicity, we will consider the case of I biprotic 
ampholytes along with the dissociation products of water. 
Henceforth the equations are scaled and stated in one (Carte- 
sian) dimension with flow absent. 
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Equilibrium Expressions for the Ampholytes and Water 
(21 + 1 equations) 

KI-) = nln3,+zln3, (1) 

KI+) = n1n3,/n3,+1 (2) 

(3) 
d &,= Kono = n, nz 

Ampholyte Balances (1 equations) 

It will be convenient to utilize a scalar function notation for 
the dimensionless conductivity 

Current Balance (one equation) 

The Local Electrical Neutrality Condition (one equation) 
N x Zknk=O (7) 

k- 1 

There are 31 + 3 equations to account for the 31 + 3 dependent 
variables: 31 from the ampholytes, two from water, and one 
from the potential gradient. 

In its present form the model is unsuited for numerical work 
so further transformations are in order. The discussion will be 
simplified using matrix notation and we therefore introduce: 

A vector of neutral species concentrations 

uT = (n3,n6,  . . . nSI) 

cT = (n, ,nz ,n4 ,n5 ,  . . . ,n3I+, ,nSI+J 

(8 )  

(9) 

YT' ( Y 1 . Y z .  . ' > Y l )  (10) 

y , = n 3 , + n 3 , + 1 + n 3 , + 2 ;  i =  1, . . . , I  (11) 

A vector of charged species concentrations 

A vector of total component concentrations 

where 

A vector of mobilities 

S T =  (al,-flZ,&,-a5? * . . ,n31+1,-n31+2) (I2) 
A vector of charged species concentrations and mobilities 

determining the electric transport 

P T = ( P l >  . * . $1) (13) 

(14) 

where 

P , =  Q3,+,n3,+, - R3,+2n3,+2; i =  1, . . . , I  
We shall also use the following matrices: 

R =  [rJ; i -  1, . . . , I  
j = 1, . . . ,2(1+ 2) (15) 

where 
a3,+,; j = 2 i + 1  

0 ; k # 2 i + l a n d j # 2 i + 2  

ru= R3,+z; j = 2 i +  2 

(16) 

R3,; i = j  

i 
Q =  Is,,]; id,= 1, . . . , I  

where 

Furthermore, the current balance, Eq. 6, may be integrated to 
give 

N x z d = v  (18) 
k- 1 

where the integration constant, r]  = q(t), represents the dimen- 
sionless current density. 

Substituting the expressions for the fluxes, Eq. 5, in Eq. 18 
and making use of notation given in Eq. 17, gives an equation 
for the electric field as 

The local electroneutrality equation is reformulated by not- 
ing that Eqs. 1 - 3 and Eq. 11, when rearranged, give: 

i =  1, . . . , I  (20) 

Equation 7 becomes 

This nonlinear equation for n, given y is written symbolically as 

L"(n,;y)  = 0 (22) 
Finally, using the definitions embodied in Eqs. 8 - 17 along 
with Eq. 19 allows one to express Eq. 4 in the form 

"1 (23) 3 = - [ p(0 )  - + Q - + R - a a4 a U  

at a x  ax ax ax 
The transformed model consists of (partial differential) Eqs. 23, 
22, 20, and 1-3 defining the concentrations of neutral and 
charged species. The electric field is defined by Eq. 19. 

Numerical Treatment 

The partial differential equations and the algebraic relations 
are nonlinear and iterative; numerical methods must be used to 
solve them. Our approach utilizes a technique whereby the 
spatial derivatives are replaced by finite difference approxima- 
tions which yields a set of ordinary differential equations with 
time as the independent variable. The principal advantage of 
this approach, sometimes called the method of lines (Ames, 
1977), is that sophisticated algorithms and computer codes are 
available for solving large systems of ordinary differential 
equations efficiently with variable step sizes and control over 
error growth. 

Accordingly, the region of interest, 0 < x < xmnx, is overlaid 
withasetofhfgridpointswhere Ax = xmnx/(hf- l).Theindexj 
denotes the grid point in question using the notation 
xl, . . . ,x,, . . . , x M .  Values of the dependent variables at 
the point in question are also delineated using subscripts, e.g., 

u(x,,t) = Uj(t) = u, (24) 
The finite-difference approximation for the spatial derivatives 
is based on the central difference approximation 

and we write 

(25) 
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Using the notation 

TRlS 

COLUMN LENGTH 

d a t $ a U *  

ax ax ax F=p(v) - 4- Q -  -t R -  

we write the partial differential equation 23, in the form 

aY - aF 
at ax 
--- 

Using the differencing in Eq. 25, we obtain 

with 

%=-[q+l-F,-l]; 1 j = 2 ,  . . . ,M-1  
dt 2Ax 

where 

(27) 

For points near the boundaries, i.e., j = 1 or M, the formulas 
are modified by using forward or backward, instead of central, 
differences. 

The boundary conditions for processes such as ZE, MBE, and 
ITP are straightforward: the rate of change of concentration is 
zero. The principal difficulty encountered arises from the fact 
that these conditions are obtained asymptotically as x + -t-m 
but must be enforced at finite distances in any numerical 
scheme. In some of our work this has necessitated use of an 
“observational window” that defines a movable grid. The com- 
putational algorithm advances this window at the migration 
rate of the fastest moving species and this enables us to avoid 
excessive computer time and storage requirements. In pro- 
cesses such as IEF the ends of the column are fixed and there is 
no need to employ a moving grid. Moreover in IEF the bound- 
ary conditions are expressed in terms of the permeability to 
various ions. 

The set of ordinary differential equations can be integrated 
numerically using one of several known schemes. For example, 
the Runge-Kutta-Merson and the Fehlberg schemes have been 
used with improved automatic step size control (Watts, 1984), 
as have two fixed step size schemes known as the Euler method 
and modified Euler (Heun’s) method (Lapidus and Seinfeld, 
1971; Carnahan et al., 1969). The results described here were 
obtained with the schemes implemented in a specialized soft- 
ware package based on the DAREP simulation language (Korn 
and Wait, 1978). 

Adjoined to this system of ordinary differential equations is a 
local (nonlinear) equation, Eq. 21, which must be solved at each 
grid point 4. This equation is normally solved using a Newton 
iteration scheme that usually converges quickly due to the 
availability of good initial values from previous time steps. So- 
lutions for the initial condition are obtained by an algorithm 
based on inverse interpolation and bisection; this procedure is 
also used if the Newton iteration scheme does not converge. 

NUMERICAL SIMULATION OF ELECTROPHORETIC PROCESSES 

One of the purposes of this paper is to provide detailed de- 
scriptions of results obtained with our computational algorithm 
for two representative situations: moving boundary electro- 
phoresis and isoelectric focusing. The moving boundary prob- 
lem was selected to illustrate the model’s ability to depict the 
Kohlrausch adjustments in concentration and the motion of a 
self-sharpening front. Because there is only one sample constit- 

Figure 1. Initial distribution of components in a simulation of 
moving boundary electrophoresis; anode is to the right. Com- 
ponent properties characterized by values of pK and mobility 
p, (m2/V * 8): cacodylate - pK = 6 . 2 1 , ~  = 2.31 . lo-? TRlS - 
pK=8.3, p=2.41 * 10-O; histidine-pK, =6.04, pK2=9.17, 

p = 2.02 . 10-a. 

uent present, no “separation” is involved and the effects of 
changes in step size can be explored relatively economically. 
On the other hand, the presence of weak electrolytes and an 
ampholyte renders the simulated system far too complex for the 
simple application of one of the Kohlrausch regulating func- 
tions, and computer solution is essential. In the second example 
a compound is focused to its isoelectric point to illustrate the 
ability of the model to track the migration of a substance to a 
steady state distribution that is maintained by a balance be- 
tween diffusion and electromigration. All program output has 
been rescaled to provide dimensional data. 

Moving Boundary Electrophoresis 

In practice, large electrolyte reservoirs are used to negate 
the influence of reactions occurring at the electrodes. This 
makes the concentrations at the column ends constant and ef- 
fectively renders the system infinitely long. 

In the simulation two weak electrolytes, cacodylic acid (ca- 
codylate) and tris (hydroxymethy1)-aminomethane (TRIS) play 
the role of buffer, uniformly distributed throughout the col- 
umn. The sample, histidine, an amino acid, occupies only part 
of the column. This is shown schematically in Figure I. 

The initial, sharp histidine boundary is depicted as the zero 
time profile in Figure 2a. This was the product of 1 min of 
diffusion to smooth the boundary, as sharper profiles tend to 
cause numerical oscillations when current is applied. The time 
progression in this figure is from left to right, the profiles de- 
pict the histidine concentration after passage of a current of 
36.0 A/m2 for 3, 6, and 9 min. The simulation demonstrates 
that a steady-state, self-sharpening front is developed. The 
sharp node resides at the position of the initial histidine profile 
and reflects the establishment of a stationary diffusing bound- 
ary. The behavior of the histidine concentration is typical of the 
Kohlrausch readjustment in ITP, which can be considered as a 
special case of MBE. A numerical example of the application of 
the Kohlrausch regulating function is given in the Appendix. 
Note that this system meets the mobility requirements for a 
stable boundary: the effective mobility of histidine, the trailing 
species, is lower than that ofmIS,  the leader. This is due to the 
lower degree of dissociation of histidine in this pH range. 

Figures 2b and 2c display the corresponding behavior for 
TFUS and cacodylate, respectively. Each of these components 
also exhibits a stationary, diffusing boundary and a migrating, 
self-sharpening boundary. The movement of histidine into this 
region of the column causes an evacuation of the background 
buffers, behavior that is also explained by the Kohlrausch regu- 
lating function. Figures 3a and 3b present the conductivity and 
pH data that correspond to these concentration profiles. 

Due to the complicated nonlinear structure of the model it is 
relatively fruitless to attempt to study characteristics of the 
numerical method by analytical techniques. Matters of stability 
and convergence must be examined by numerical simulation 
experiments. Accordingly we have used the two fixed-time step 
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Figure 3. Simulation of moving boundary electrophoresis. 

schemes mentioned earlier to test these features of the algo- 
rithm. Although it is not always easy to judge beforehand 
whether a particular mesh size and time step will be suitable in 
a new situation, the computation scheme renders judgment 
quickly in the form of undamped oscillations. Given a set of 
constituents and aparticular mode of electrophoresis (specified 
by the initial distribution of constituents, boundary conditions, 
and current) the selection of mesh size and time step depends 
heavily on experience acquired in previous simulations. Once a 
stable set of step sizes has been found, as judged by smooth 
evolution of the concentration fields, the mesh can be  refined 

~ ~~ ~ 

Figure 2. Simulation of moving boundary electrophoresis at a 
current density of 36.9 A/m*; computation with Heun integra- 
tion algorithm with 401 mesh points in the l cm column and a 
time step of 0.02 min. The Kohlrausch readjustment of the 
concentration of the advancing steady state boundary is 
clearly visible; it creates a dilution boundary at the location of 

the initial histidine boundary. 
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TABLE 1. EFFECTS OF GRID SUE AND TIME STEP SIZE ON HISTIDINE CONCENTRATIONS AT 

30% OF COLUMN LENGTH: EULER INTEGRATION 

Number of Mesh Points 
51 101 20 1 

A f .  cmr) 2 x 10-2 1 x 10-2 5 x 10-3 
A;. min 0.025 0.05(') 0.1 0.2($) 0.05 O.l(t)  

aAi/(Af)2'") 9.68 X 1.025 X lo-' 1.54 3.08 3.08 6.16 

Time, min 
0 
1 
2 
3 
4 

5 
6 
7 
8 
9 

1.500 
2.494 
2.371 
2.421 
2.404 

2.406 
2.405 
2.404 
2.404 
2.404 - 

1.500 
2.509 
2.361 
2.426 
2.402 

2.407 
2.405 
2.404 
2.404 
2.404 

1.500 
2.377 
2.410 
2.408 
2.406 

2.405 
2.404 
2.404 
2.403 
2.403 

1.500 
2.345 
2.374 
2.426 
2.614 

3.091 
3.814 

- 1.85432 
- 9.73233 
-4,90233 

1.500 
2.363 
2.407 
2.407 
2.406 

2.405 
2.404 
2.404 
2.403 
2.403 

1.500 
2.371 
2.406 
2.399 
2.374 

2.306 
2.325 
4.70633 

- 5.43236 
- 1.26539 

' All computations are carried out in dimensionless form and converted to dimensional form to facilitate 

*' The symbol a denotes the scale factor needed to render the ratio dimensionless 
t This solution appears marginally unstable. 
I These solutions BDD~W unstable. 

interpretation. Histidine concentrations are expressed in mmol/L. 

to satisfy the required accuracy at the minimum of computa- 
tional effort. 

We have investigated the effects of step size (both spatial and 
temporal) in several modes. Some results obtained in connec- 
tion with the moving boundary mode are reported here. The 
numerical experiments on stability and convergence were done 
with four different mesh sizes, Ax, and several time-step sizes, 
At, with the Euler and Heun (improved Euler) integration 
schemes (Carnahan et  al., 1969) to find the maximum At at 
which the solution is stable. The results are summarized in 
Tables 1 and2 and Figures 4 and 5. Values of the dimensionless 
quantity ~ A t l ( A 2 ) ~  are also shown in the tables, (the symbol a 
represents the scale factor). It will be recalled that numerical 
solutions of the parabolic diffusion equation using an explicit 
method with a three-point formula for the spatial derivative 
require aAt/(Ak)2 < Ye for stability (Richtmyer and Morton, 
1967; Carnahan et al., 1969). Using a five-point finite-differ- 
ence formula for the spatial operator (as was used in the calcu- 
lations under discussion) produces more stringent limits, viz., 

u A $ ( A ~ ) ~  < 3/16 for the simple diffusion equation. Thus, it 
should be obvious from the tables that such simple criteria are 
inadequate indicators of stability here. This is clearly shown by 
the results provided using the Euler method with two different 
combinations of mesh and timeAstep sizes but the same value of 
the dimensionless quantity aAt/(A2)z, namely, 3.08 (Table 1). 

Using the Heun scheme for the temporal integration allows 
substantially larger time step sizes to be employed. Tables 1 
and 2 show that with a given mesh size, a time step as much as 
five times as large can still yield a stable scheme (0.25/0.05 for 
the Heun method as compared to the Euler scheme for A? = 
0.02). Inspection of these tables also discloses that the second- 
order method yields more accurate results. If we take the re- 
sults from the 401 mesh point Heun computation as the 
benchmark solution, then at any grid spacing the Heun compu- 
tation is more accurate than the Euler scheme even though the 
time steps are larger. Table 3 shows the relative amounts of 
computer time required for the different methods. 

Figure 4 compares the histidine profile computed by the 401 

TABLE 2. EFFECTS OF GRID SIZE AND TIME-STEP SIZE ON HISTIDINE CONCENTRATIONS AT 30% OF 

COLUMN L E N G T ~  HEUN INTEGRATION 

Number of Mesh Points 
51 101 201 401 

A f ,  cm 2 x 1 0 - 2  1 x 10-2 5 x 10-3 2.5 x 10-3 

~Ai/l(Ab)' 0.968 1.935 3.87 7.74 6.19 15.48 4.95 12.38 

A;, min 0.25 0.50(') 0.25 0.50(') 0.10 0.250 0.02 0.05(*) 

Time, min 
0 1.500 1.500 1.500 1.500 
1 2.447 2.353 2.342 2.669 
2 2.384 2.423 2.403 5.252 
3 2.413 2.345 2.407 -2.303E2 
4 2.406 2.436 2.406 -5.71532 

5 2.406 2.418 2.405 3.18933 
6 2.405 2.369 2.404 -3.18933 
7 2.404 2.423 2.404 1.22534 
8 2.404 2.419 2.403 7.76133 
9 2.404 2.371 2.403 3.93934 

t This solution appears marginally unstable. 
t These solutions appear unstable. 

1.500 
2.351 
2.405 
2.407 
2.406 

2.405 
2.404 
2.404 
2.403 
2.403 

1.500 
2.016 

- 1.28334 
- 5.18836 
-5.63838 

-2.989E10 
- 1.926E12 
- 1.154314 
-9.569315 
- 1.625318 

1 .SO0 
- 
- 

2.407 
- 

- 
2.404 
- 
- 

2.403 

1.500 
- 
- 

3.914315 
- 
- 

- 1,383329 
- 
- 

- 6.753341 
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TABLE 3. COMPUTER. CPU 
TIME(S) M MBE SIMULATIONS 

Method 

Mesh Size Heun Euler 

51 7.4 12.3 
101 22.5 23.0 
201 84.5 83.8 
401 239.6 N.A. 
Cvber 175 

mesh point Heun method with the 51 mesh point Euler 
scheme. In the moving boundary mode, unstable numerical 
behavior often manifests itself at the transition to the 
Kohlrausch step, as noted here for the 51-point scheme. Figure 
5 shows the convergence of the Heun scheme as the number of 
spatial grid points is increased. The Euler computations also 
converged to the 401 grid point Heun solution as grid spacing 
decreased. It is clear that the greatest discrepancies occur in 
those parts of the electrophoresis column where concentra- 
tions are rapidly changing. Nevertheless, when a scheme is 
stable it is possible to follow the movement of a front using a 
moving grid scheme over extended time periods (Bier et al., 
1983). 

lsoelectric Focusing 

A significant recent advance in experimental IEF is the use of 
tailor-made, immobilized pH gradients formed by copolymeri- 
zation of ionizable groups into the usual polyacrylamide gel 
matrix. The versatility of the computation scheme can be illus- 
trated by modeling this separation technique in a one-dimen- 
sional gel column. The immobilized pH gradient was simulated 
by assigning a value of zero to the mobility coefficient of the 
ionic constituents of the gradient, cacodylic acid and TRIS. As 
the initial condition, histidine was uniformly distributed 
throughout the column, Figure 6. In addition, conditions were 
imposed to render the boundaries impermeable to all except 
hydrogen and hydroxyl ions. This simulates experimental con- 
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Figure 4. Comparison of two integration schemes. - histi- 
dine profile corresponding to 9 min of migration according to 
Heun integration data presented in Figure 2a. ...... profile ob- 
tained by Euler integration algorithm, with 51 mesh points in 

the 1 cm column and a time step of 0.025 min. 
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Figure 5. Convergence of Heun integration scheme showing 
differences between the 9 min histidine profiles at corre- 
sponding column positions. 

Line 1: Heun results (401 -201 mesh points. 
Line 2: Heun results (401 - 101 mesh points). 
Line 3: Heun results (401 -51 mesh points). 

ditions where minimal electrode buffer volumes are utilized 
and the current to the electrodes is carried by hydrogen and 
hydroxyl ions alone. 

The evolution of the histidine concentration profiles at acon- 
stant current density of 0.2 A/mP is presented in Figure 7a. As 
expected, histidine concentrates in the column region closest 
to its isoelectric point, leaving other parts of the column vir- 
tually histidine-free. This has direct consequences on the con- 
ductivity profiles, shown in Figure 7b. In the histidine-free 
parts of the column, the conductivity is very low, and current is 
carried by hydrogen and hydroxyl ions. Figure 8 shows the final 
histidine profiles at the three current densities of 0.1,0.2, and 
0.4 A/me, As expected, processes with higher current densities 
result in sharper focusing. 

The computations of these profiles were carried out using 51 
grid points to cover the column and a variable time step size 
Runge-Kutta scheme to integrate the ordinary differential 
equations. The corrugation apparent in some of the profiles is 
traced to regions of low conductivity; the use of a finer spatial 
grid supresses the corrugations. 

CONCLUSION 

In work done thus far, effort has centered on testing the 
ability of the algorithm to handle a variety of electrophoretic 
modes: zone electrophoresis, moving boundary electrophore- 
sis, isotachophoresis, isoelectric focusing, and electrodialysis 
(Bier et al., 1983), and no more than five components have 
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Figure 6. Initial distribution of components in the isoelectric 
focusing simulation. A mobility of zero was assigned to the two 
buffer constituents, cacodylate and TRIS; the mobility of histi- 

dine was 2.02 * lo-* (mz/V * s). 
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(a) Histidine concentration profiles for 0, 10, 20, 30,40, 80, 
and 200 min of focusing. 
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(b) Conductivity profiles corresponding to 0, 10, 20,30, and 
200 min of focusing. Conductivity is dominated by the concen- 
tration of histidine at the pH imposed by the immobilized gra- 

dient. 

Figure 7. Simulation of isoelectric focusing in an immobilized 
gradient of cacodylate and TRlS at constant current density of 
0.2 A/m2; integration by the Runge-Kutta variable time step 

algorithm with 101 mesh points. 

been used. Further expansion is simply a matter of more com- 
puter storage space and more processing time or faster proces- 
sors. Indeed, the inclusion of noninteracting samples such as 
proteins in trace quantities is quite straightforward. However, 
the handling of proteins in other than trace quantities will re- 
quire a more sophisticated treatment, since protein dissocia- 
tion is complex. Assignment of individual dissociation constants 
to each ionizable group appears impractical- and a simplified 
model of their dissociation or actual experimental data in the 
form of a computer tables will have to be used. Expansion of the 
model to two or three dimensions will provide an important 
tool to study a wider variety of electrophoretic phenomena, 
e.g., the effects of electroosmosis on separation processes. 
However such expansion will require further specialized soft- 
ware development. 

COLUMN LENGTH (cm) 

Figure 8. Effect of current density on steady state histidine 
profiles resulting from focusing in the immobilized gradient of 
Figure 6. Current densitiescorresponding to profiles 1 , 2, and 3 

were 0.4, 0.2, and 0.1 A/m2, respectively. 
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NOTATION 

Dimensionless Constants and Variables 

f; = flux of the ith species 
F = vector of total fluxes 
I = total number of biprotic ampholytes 

KO = equilibrium constant for water 
K f )  = constant describing the equilibrium between the neu- 

tral and negatively charged species of the ith ampho- 
lyte 

KI+) = constant describing the equilibrium between the neu- 
tral and the positively charged species of the ith am- 
pholyte 

K,,, = dissociation constant for water 
no =water concentration 
n, =hydrogen ion concentration 
n2 = hydroxyl ion cocentration 
n, = concentration of the ith species 
M = number of mesh points 
N = total number of ionic species 
P = vector of charged species concentrations weighed by 

Q = matrix of mobility coefficients of neutral species (de- 

R = matrix of mobility coefficients of charged species 
S = vector of mobilities 
t = time 
u = vector of neutral species concentrations 
u = vector of charged species concentrations 
x = position 

y = vector of component (total) concentrations 
z1 = valence of the ith species 

their mobilities 

rived from their diffusivities) 

x,, = maximum value of the dimensionless spatial variable 
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Dimensional Variables 

3’: = position, m 
t = time, s 

Greek Letters 

A = denotes a difference taken across a boundary 
q = current density 
CJ = dimensionless conductivity 
C#J = electric potential 

At = integration time step 
Ax = distance between mesh points 

= mobility coefficient of the ith species 

APPENDIX KOHLRAUSCH REGULATING FUNCTION EXAMPLE 

To show that the changes noted in Figures 2 and 3 for the 
concentrations across the step are consistent with the 
Kohlrausch adjustment we use numerical data from a stable 
simulation with 51 grid points. The conditions on either side of 
the self-adjusting front are 

Behind Ahead 
Cacodylate 19.83 mM/L 20.00 mM/L 
TRIS 7.951 mM/L 10.00 mM/L 
Histidine 1.867 mM/L 0.00 mM/L 
PH 6.108 6.203 
Conductivity 4.104 X 4.685 X 

ohm-’ .ern-' ohm- cm- 

The pK values are provided in the legend of Figure 1. The 
degree of ionization for each component is 

Behind Ahead 

Cacodylate 0.44 1 6  0.4960 
TRIS 0.9936 0.9921 
Histidine 0.4609 - 

in terms of the jumps across the front. 

From the data given, the ratio u/q calculated for cacodylate, 
TRIS, and histidine is 0.222, 0.227, and 0.225. respectively, 
showing that the conditions on either side of the step are con- 
sistent with the stipulations of a Kohlrausch adjustment. 
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